UNIT 4 ISOPARAMETRIC ELEMENTS
Shape function for Eight Node Element (Higher Order)
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EX.NO:2
[image: image3.png]Calculate the terms of the conductance matrix for an axisymmetric element based on the
three-node plane triangular clement.

u Solution
‘The element and nodal coordinates are as shown in Figure  From the discussions in
Chapter 6, if we are to derive the interpolation functions from basic principles, we first
express the temperature variation throughout the clement as

T(r,2) = Gy + i + @z = Ni(r, )Ty + Na(r, )Ty + Na(r, ) T3

apply the nodal conditions, and solve for the constants. Rearranging the results in terms
of nodal temperatures then reveals the interpolation functions. However, the results are
exactly the same as those of Chapter 6, if we simply replace x and y with r and z, so that
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the interpolation functions are of the form

1
Ni(r.2) = T+ ar +dig)

Na(r, ) = (b + eor + doz)
Ni(r.2) = 7A@ (b3 + car + d3z)
where
by =rz—nzn by =rz—nz by =nzn—-nu
a=un-2 a=u-2 a=u-2u
di=r—n dy=ri—r3 ds=r,—n

and A is the area of the element in the rz plane.




EX.NO:3
Rectangular element
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[image: image6.png]b(x,y) = ao + aix + azy + azxy

is used to ensure geometric isotropy. Applying the four nodal conditions and

writing in matrix form gives
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by T x4y xays
which formally gives the polynomial coefficients as
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In terms of the nodal values, the field variable is then described by
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[image: image7.png]The form of Equation suggests that expression of the interpolation
functions in terms of the nodal coordinates is algebraically complex. Fortunately,
the complexity can be reduced by a more judicious choice of coordinates. For
the rectangular element, we introduce the normalized coordinates (also known as
natural coordinates or serendipity coordinates) r and s as

x—x y—3
a b

where 2a and 2b are the width and height of the rectangle, respectively, and the
coordinates of the centroid are

r=

x40 oyt
2 Y=
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[image: image8.png]as shown in Figure ‘Therefore, r and s are such that the values range from
—1to +1, and the nodal coordinates are as in Figure

Applying the conditions that must be satisfied by cach interpolation function
at cach node, we obtain (essentially by inspection)

M9 =11 -na—s
1

Ni(r,s) = %(] +r)(l—s)

Ns(r9) = 04001 49

1
Nitrs) = 21 =)(1+5)




[image: image9.png]hence

b(x, y) = &(r,8) = Ni(r, $)by + Na(r, )bz + N3(r, )b + Nu(r, $)dbs
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[image: image11.png]The partial derivatives of x and y with respect to r and s per Equations
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The Jacobian matrix is then

= l[(l =9 =x) + (1490 =2 (1= = y) + 1+~ ,v:)]
AL =N —x) + (1410 =x) (1= = y) + 1+ = 2)
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EX.NO:4
[image: image13.png]Determine the conductance matrix (excluding edge convection) for a four-node, rectan-
gular element having 0.5 in. thickness and equal sides of 1 in. The material has thermal
properties kx = k, = 20 Btw/(hr-ft-"F) and & = 50 Btu/(hr-ft>'F).

4, 3

W Solution
The element with node numbers is as shown in Figure and the interpolation functions,

Ni(r.s)=—=(1—r)(1—5)

1+n -5

1+01+5)

Ny(r.s) = 41(1 —r)(1+s)
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[image: image15.png]Substituting numerical values (noting that @ = b), we obtain, for example,
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Integrating first on 7,
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Then, integrating on s, we obtain

20(0.5) (2(;—1)1 8 )" 100(0.5)2(8)((1—:)1)'
ki = +2s)| - =) (=
16(12) 3 7)1, "6 \12) \3 E
_20(0.5) (16 16 100 (0.5 2(8)(8) _ B
k=350 (T - 7) + ?(ﬁ) 3)\5) = 0-6327 Bul(hr-F)

or





[image: image16.png]Btu/(hr-"F), and the complete clement conductance matrix is

0.6327  —0.1003 —0.2585 —0.1003
—0.1003  0.6327 —0.1003 —0.2585
—0.2585 —0.1003 0.6327 —0.1003
—0.1003 —0.2585 —0.1003  0.6327

Btu/(hr-"F)




EX.NO:5
[image: image17.png]Evaluate the stiffness matrix for the isoparametric quadrilateral element shown in Fig-
ure  for plane stress with E = 30(10)° psi, v = 0.3, = 1 in. Note that the properties
are those of steel.
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u Solution
‘The mapping functions are

x(r.s) = :—[(I — )1 =$)(1) + (1 + (1 = $)(2) + (1 +r)(1 +5)(2.25)
+ (1 =1 +5)(1.25)]

yr,s) = %[(I —r)(1=$)(0) + (1 +r)(1 = $)(0) + (1 +r)(1 +5)(1.5)
+(1=r)(1+s)(1)]




[image: image19.png]and the terms of the Jacobian matrix are
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and the determinant is

1
W= Juln = Jolu = 7o(4 =1 +5)

Therefore, the geometric matrix [G] of Equation is known in terms of ratios of
monomials in rand s as
L [25-0s —05-039) o 0
G=——| o 0 -2 2
TSl 2 25-0.5r —(0.5—0.55)

For plane stress with the values given, the material property matrix is

103 0
[D]=3297100°| 03 1 0 |psi
0 0 035




[image: image20.png]Next, we note that, since the matrix of partial derivatives [P] as defined in Equation
is also composed of monomials in 7 and s,
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the stiffness matrix of Equation is no more than quadratic in the natural coordinates.
Hence, we select four integration points given by

3
PR
3
and weighting factors

W, =W, =10




[image: image21.png]The element stiffness matrix s then given by

22
[k =1 Z WiW;[B(ri. s)) [DNB(ri. sl (ri. 57)]
=
‘The numerical results for this example are obtained via a computer program written in
MATLAB using the built-in matrix functions of that software package. The stiffess
matrix is caleulated to be

2305 —1759 —617 72 798 —152 —214 —432
—1759 1957 471 —669 —52 —522 14 560
—617 471 166 —19 -214 41 57 116
K] = 72 669 —19 616 —533 633 143 244
798 —52 214 —533 1453 —169 —389 —895
—152 —522 —41 633 —169 993 45 —869
—214 14 57 143 389 45 104 240
—432 560 116 —244 —895 —869 240 1524

10° Ib/in.




EX.NO:6
[image: image22.png]Evaluate the shape functions Ny, N;, and A at the interior point P for the triangular ele-
ment shown in Fig. ES.1.
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[image: image24.png]Selution Using the isoparametric representation
385 = 1SN, + TN + 4Ny = <2.5¢ + 3n + 4
48 = 2N + 35N, + TNy = ~S¢ ~ 35n + 7
These two equations are rearranged in the form
25¢ — 30 = 015
56+ 35n =22

Solving the cquations, we obtain £ = 0.3 and 5 = 0.2, which implies that

N=03 N-02 N=05




EX.NO:7
[image: image25.png]Consider a rectangular element as
£ =30 X 10°psi,» = 0.3,and q = [
andoatf = Oandy = 0.

Solution
1 2At-a
Ca-A1+ g

]

"
—
= ~
o

shown in Fig. E7.1. Assume plane stress condition.
0,0,0.002,0.003, 0,006, 0.0032, 0, 0]  in. Evaluate J,B,

+2(1+ )
+2(1 +¢)

(Lt3) - (1 +n)
1+&+(-g
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[image: image27.png]For this rectangular element, we find that J is a constant matrix. Now, from Eqs.

lénnn
A=—0001
1/20150

Evaluating G in Eq.7.23 at § = % = 0 and using B = QG, we get

o0 foro -t
B=0-1 0o-to} o 1}

-1 1 1 111 R

Flt B B B O N
The stresses at £ = 7 = 0 are now given by the product

o° = DI
For the given data, we have
° ]

Thus,

a® = [66 920,23 080, 40 960]" psi




EX.NO:8
[image: image28.png]Evaluate the integrals (a) I = [, [x? + cos(x/2)] dx and (b) I = [',(3* — x)dx using
three-point Gaussian quadrature.

(a) Using Table 101 for the three Gauss points and weights, we have x; = x; =
+0.77459 ..., x3=0.000..., W) = W3 =3, and W, =& The integral then becomes

B 077459 5[, 08
[(70.77459) +cos(— 5 rad)}ai»[o +cosi}5

+ [(0.77459)2 +cos(0'7;459 rad)} g

= 1918 4+ 0.667 = 2.585

Compared to the exact solution, we have Lx = 2.585.

In this example, three-point Gaussian quadrature yields the exact answer to four
significant figures.

(b) Using Table 101 for the three Gauss points and weights as in part (a), the
integral then becomes

1= 30719 _ (~0.77459)] g+ 3*—0) §+ (307 _ (0.77459)] g
— 0.66755 + 0.88889 + 0.86065 — 2.4229(2.423 to four significant figures)

Compared to the exact solution, we have /., = 2.427. The error is 2.427 — 2.423 =
0.004.




EX.NO:9
[image: image29.png]Evaluate the stiffness matrix for the quadrilateral element shown in Figure 10-13
using the four-point Gaussian quadrature rule. Let £ =30 x 10° psi and v = 0.25.

The global coordinates are shown in inches. Assume /i = 1 in.
Using Eq. we evaluate the k matrix. Using the four-point rule, the four

points are
(s1.11) = (=0.5773,-0.5773)

(52,12) = (=0.5773,0.5773)
(s3,13) = (0.5773,-0,5773)
(s4,1s) = (0.5773,0.5773)
with weights W) = W = W3 = W, = 1.000.
Therefore, by Eq. we have
k = BT(—0.5773,0.5773) DB(~0.5773,~0.5773)
x |(=0.5773,—0.5773)|(1)(1.000)(1.000)
+ BT(—0.5773,0.5773) DB(~0.5773,0.5773)
x 1(=0.5773,0.5773)|(1)(1.000)(1.000)
+ BT(0.5773,-0.5773)DB(0.5773, —0.5773)
x 4(0.5773,—0.5773)|(1)(1.000)(1.000)
+ B7(0.5773,0.5773) DB(0.5773,0.5773)
% [2(0.5773,0.5773)|(1)(1.000)(1.000)




[image: image30.png]To evaluate k, we first evaluate |J| at each Gauss point by using Eq. For in-
stance, one part of /| is given by

[J(-0.5773,-0.5773)| =£[3 5 5 3]

0 1-(-05773)  —05773-(-0.5773)  —0.5773-1
~0.5773-1 0 —0.5773+1  —0.5773—(~0.5773)
X 0573 (<05773)  —0.5773-1 0 —~0.5773+1
1-(~05773)  —0.5773+(-0.5773)  —0.5773-1 0
2
2
x4 1 =100
4
¥ RO
4 3

2 Figure 10-13 Quadrilateral element for

ot stiffness evaluation





[image: image31.png]Similarly,
|4(—0.5773,0.5773)| = 1.000

14(0.5773,-0.5773)| = 1.000
14(0.5773,0.5773)| = 1.000

Even though |J| = 1 in this example, in general, |J| # 1 and varies in space.
Then, using Eqs. we evaluate B. For instance, one part of B is

1

B0TT3,~0.5T73) = [y sy B

B B B
where, by Eq.

aN, ,— bNy 0
B = 0 Ny —dNi,
N1 —dNys aNys—bNy .

and by Eqs. . a,b,¢,d, Ny, and Ny, are evaluated. For instance,
a=1[y(s— 1)+ ya(=1=9) + y:(1+5) + ya(1 =)
= 1{2(=0.5773 = 1) +2[=1 — (0.5773)]} + 4[1 + (~0.5773)] +4[1 — (<0.5773)]

.00




[image: image32.png]with similar computations used to obtain b, ¢, and d. Also,
Nis=4(t—1) =4(-05773 — 1) = 03943
Nip=1(s—1)=4(~05773 - 1) = 03943

Similarly, B,, B3, and By must be evaluated like By, at (—0.5773,—0.5773). We then

repeat the calculations to evaluate B at the other Gauss points [Eq. (10.5.4a)].

Using a computer program written specifically to evaluate B at cach Gauss
point and then k, we obtain the final form of B(—0.5773,-0.5773) as

B(—0.5773,—0.5773) =

—0.1057 0 0.1057 0 0 —0.1057 0 —0.3943
—0.1057 —0.1057 —0.3943 0.1057 03943 0 —03943 0
0 03943 0 0.1057 0.3943  0.3943  0.1057 —0.3943

with similar expressions for B(—0.5773,0.5773), and so on.




[image: image33.png]From Eq. the matrix D is

8 32 0] x10°psi

Finally, using Eq. the matrix k becomes

1466
500
—866
—99
—733
—500
133
99

v 0
32 8 0

1 0
1-v 0 0 12

00 3
500 —866 —99 —733 —500
1466 99 133 —500 -733
99 1466 —500 133 -99
133 500 1466 99 —866
—=500 133 99 1466 500
—733 99 —866 500 1466
—99 733 500 —866 99
—866 500 —733 -99 133

133
-99
—733
500
—866
99
1466
—500

—866
500
—733

133
—500
1466




EX.NO:10
[image: image34.png]Evaluate the integral

'
f(r):[(rz—3r+7)d.r
5

using Gaussian quadrature so that the result is exact.




[image: image35.png]| Solution
As the integrand is a polynomial of order 2, we have, for exact integration, 2m — 1 = 2,
which results in the required number of sampling points as m = 3/2. The calculated
number of sampling points must be rounded up to the nearest integer value, so in this
case, we must use two sampling points. Per Table 6.1, the sampling points are r; =
+0.5773503 and the weighting factors are W; = 1.0, = 1, 2. Therefore,

!
f (% = 3r +7)dr = (1)[(0.5773503)* — 3(0.5773503) + 7]

- + ([(—0.5773503)" — 3(—0.5773503) + 7]

'
](ﬂ —3r +7)dr = 14.666667

The result is readily verified as, indeed, being exact by direct integration.
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And, as again may be verified by direct integration, the result is exact.




